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Introduction



Mathematical definition

?
f (x, X) + g = 0

g

Rest shape: X
Target shape: x

Inverse static equilibrium



f (x, X) + g = 0

Inverse static equilibrium
internal external
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𝜇
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)𝐼$ = Tr(𝐹%𝐹)𝐽 = det(𝐹

Hyperelastic neo-Hookean model:
strain energy density function

Highly nonlinear

Predictive for fabrication
Used in [Skouras et al. 2013]…

High dimensional



• Spring-mass system
– [Twigg and Kacic-Alesic 2011]

• Rod-like geometries
– [Hadap 2006]
– [Derouet-Jourdan et al. 2010, 2012]

• Computational design and fabrication
– [Bickel et al. 2012]
– [Skouras et al. 2012]

Previous work on inverse problem



Difficulties of Newton-type Methods

• Relies on a good initial guess
• May converge very slowly or even not converge

f (x, X) + g = 0



Asymptotic numerical method (ANM)



f (x, X) + g = 0

Asymptotic numerical method (ANM)



f (x, X) + g = 0

Main idea of ANM



f (x, X) + λg = 0

Main idea of ANM

Parameterized equation:



f (x, X) + λg = 0

Main idea of ANM



?
(X, λ = 1)

(X = x, λ = 0)

f (x, X) + λg = 0

Main idea of ANM

(X, λ)



(X, λ = 1)

(X = x, λ = 0)

f (x, X) + λg = 0

Main idea of ANM ?

X-λ space

Parameterized curve: (X(a), λ(a) )



(X, λ = 1)

Asymptotic expansion
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(X = x, λ = 0)

f (x, X) + λg = 0

?Main idea of ANM



(X, λ = 0.39)

(X, λ = 1)

Asymptotic expansion
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f (x, X) + λg = 0

?Main idea of ANM



(X, λ = 0.39)

(X, λ = 1)

(X = x, λ = 0)

f (x, X) + λg = 0

?Main idea of ANM



(X, λ = 0.39)

(X, λ = 0.79)

(X, λ = 1)

(X = x, λ = 0)

f (x, X) + λg = 0

?Main idea of ANM



(X, λ = 0.79)

(X, λ = 0.39)

(X, λ = 1)

(X = x, λ = 0)

f (x, X) + λg = 0

?Main idea of ANM



(X, λ = 1)

(X, λ = 0.79)

(X, λ = 0.39)

(X = x, λ = 0)

f (x, X) + λg = 0

Main idea of ANM



Mathematical details of ANM
• Asymptotic expansion
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]𝑓(𝑥, 𝑋) = 𝐿! + 𝐿[𝑋] + 𝑄[𝑋, 𝑋

Mathematical details of ANM
• Quadratic equation

linear bilinear



Mathematical details of ANM
• Quadratic equation

𝑓(𝑥, 𝑋) + 𝜆𝑔 = 𝐿! + 𝐿[𝑋] + 𝑄[𝑋, 𝑋] + 𝜆𝑔 = 0
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Mathematical details of ANM
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order 0

order k

order 1

Mathematical details of ANM



Unique

Mathematical details of ANM
1st order:
higher order:

𝐿[𝑋"] + 2𝑄[𝑋!, 𝑋"] + 𝜆"𝑔 = 0
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𝐴
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Mathematical details of ANM
• Quadratic assumption

• Highly nonlinear internal force?

]𝑓(𝑥, 𝑋) = 𝐿9 + 𝐿[𝑋] + 𝑄[𝑋, 𝑋



Mathematical details of ANM
• A simple example:

• Augment the function 

𝑓(𝑥) = 𝑥 ⁄# $

-𝑓(𝑥, 𝑦) = )𝑓(𝑥, 𝑦
𝑥

=
𝑥𝑦
𝑦:



Mathematical details of ANM
𝑓* = 2

)'∈-./(1&

𝜎'𝑛*' 𝜎 = 𝜇𝐽!
&
#𝑏 −

𝜇
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𝑠 & = 𝑠 " 𝐽'()

𝑠 " = 𝑠 * 𝑠 *

𝐽'() = 𝑠 " 𝑠 *

𝐽𝐽'() = 1
𝐽 = 𝜖+,( >𝐹+,𝐹(#
>𝐹+, = 𝐹+*𝐹,"
𝐼$ = 𝐼: 𝑏
𝑏 = 𝐹𝐹%
𝐹 = [𝑥][X]'()

[𝑋][𝑋]'()= 𝐼



Fabrication Results 
• Simple bar 



Fabrication Results



Fabrication Results
• Phone holder



Fabrication Results



Running time 



Extensions
• Interactive force adjustment 
• Forward static solver
• Multi-target inverse design

𝑓(𝑥", 𝑋) + 𝑔" = 0
𝑓(𝑥%, 𝑋) + 𝑔% = 0
…



Fabrication Results 
• Facial hanger 



Fabrication Results



Fabrication Results 
• Dinosaur 



Fabrication Results 



Limitations
• Failure case

• No feasible solution for arbitrary input
• Manual mathematical derivation



Conclusion & Future work
• An asymptotic numerical method
• An inverse design tool
• ANM extensions

• Further applications
– anisotropy
– partial target
– various materials
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Thank you
http://gaps-zju.org/ANMdesign
Code & Data available at:

http://gaps-zju.org/ANMdesign

